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1. Introduction
Proper shape theory is introduced in the papers of Ball and Sher. One of the main results is the following theorem: If X
and Y have the same proper shape, then their end point compactiﬁcations F X and F Y have the same shape [2].
The aim of this paper is to introduce an intrinsic deﬁnition of proper shape using only ﬁnite coverings consisting of open
sets with compact boundaries. The main theorem about the shape of end point compactiﬁcations remains the same with
the new deﬁnition.
First we repeat the main notions about functions continuous up to a covering needed for the intrinsic deﬁnition of shape.
About the other deﬁnitions of shape we refer to books [8] and [9].
For collections U and V of subsets of X , U≺ V means that U reﬁnes V, i.e., each U ∈ U is contained in some V ∈ V. By
a covering we understand a covering consisting of open sets.
Deﬁnition 1.1. Let X , Y be spaces, and V a covering of Y . The function f : X → Y is V-continuous, if for any x ∈ X , there
exists a neighborhood U of x, such that f (U ) ⊆ V for some member V ∈ V.
(The family of all such U form a covering U of X . Shortly, we say that f : X → Y is V-continuous, if there exists U such
that f (U) ≺ V.)
Deﬁnition 1.2. Two V-continuous functions f , g : X → Y are homotopic if there exists a function F : X × I → Y such that:
(1) F : X × I → Y is stV-continuous.
(2) There exists a neighborhood N = [0, ε) ∪ (1− ε,1] of {0,1} in I , such that F |X×N is V-continuous.
(3) F (x,0) = f (x), F (x,1) = g(x).
We denote this by f
V g .
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sequence [5] (see also, [4] and [10]).
Deﬁnition 1.3. A sequence ( fn) of functions fn : X → Y is a proximate sequence from X to Y if for some coﬁnal sequence
V1 	 V2 	 · · · of ﬁnite coverings, for all indices m n, fn and fm are homotopic as Vn-continuous functions (coﬁnal means
that for any ﬁnite covering V there exists Vn such that Vn ≺ V).
In this case we say that ( fn) is a proximate sequence over (Vn).
We mention that if ( fn) and ( f ′n) are proximate sequences from X to Y , then there exists a coﬁnal sequence of ﬁnite
coverings V1 	 V2 	 · · · , such that ( fn) and ( f ′n) are proximate sequences over (Vn).
Two proximate sequences ( fn), ( f ′n) : X → Y are homotopic if for some coﬁnal sequence V1 	 V2 	 · · · of ﬁnite coverings,
( fn) and ( f ′n) are proximate sequences over (Vn), and for all integers n, fn and f ′n are homotopic as Vn-continuous functions.
This is an equivalence relation, and we write ( fn) ∼ ( f ′n). The homotopy class is denoted by [( fn)].
In the paper [4], [X, Y ]V denotes the set of all V-homotopy classes of V-continuous functions f : X → Y . The inverse
system is formed in the category of sets and functions
([X, Y ]V, pVV′ , V a ﬁnite covering
)
,
where for V	 V′ , pVV′ ([ f ]V′ ) = [ f ]V . The inverse limit of this inverse system is denoted by lim←−V[X, Y ]V . Also, a bijection
is established between lim←−V[X, Y ]V and the set of all shape morphisms from X to Y .
In the paper [5], it is shown that there is a bijection between the set lim←−V[X, Y ]V and the set of homotopy classes [( fn)]
of proximate sequences ( fn) : X → Y . It follows that there is a bijection between all shape morphisms from X to Y and the
set of all homotopy classes [( fn)] of proximate sequences ( fn) : X → Y .
If ( fn) : X → Y is a proximate sequence and (gn) : Y → Z a proximate sequence over (Wn), we can choose a coﬁnal
sequence of ﬁnite coverings V1 	 V2 	 · · · of Y such that ( fn) : X → Y is a proximate sequence over (Vn), and g(Vn) ≺Wn
for all integers. The composition of the proximate sequences ( fn) : X → Y and (gn) : Y → Z is the proximate sequence (hn) =
(gn fn).
Compact metric spaces and homotopy classes of proximate sequences form the shape category, i.e. isomorphic spaces in
this category have the same shape [5].
To conclude we present another description of the notion of proximate sequences.
Theorem 1.4. ( fn) : X → Y is a proximate sequence if and only if for any ﬁnite covering V of Y there exists an integer n0 such that for
all n n0 , fn0 and fn are homotopic as V-continuous functions.
Proof. Suppose ( fn) is a proximate sequence over (Vn), and V is a ﬁnite covering of Y . There exists Vn0 such that Vn0 ≺ V.
Since ( fn) is a proximate sequence over (Vn), for all n n0 holds fn
Vn0 fn0 . It follows fn
V fn0 .
In the other direction, suppose that for any ﬁnite covering V of Y there exists an integer n0 such that for all n  n0,
fn0 and fn are homotopic as V-continuous functions.
If W1 	W2 	 · · · is a coﬁnal sequence in the set of all ﬁnite coverings of Y , for the covering W1 here exists n1 ∈ N
such that for all n  n1 holds fn
W1 fn1 , and fn is W1-continuous. Similarly, for W2 there exists n2 ∈ N with n2 > n1 such
that for all n n2 holds fn
W2 fn2 . In this way we obtain a sequence of integers n1 < n2 < · · · such that for all n nk holds
fn
Wk fnk , and fn is Wk-continuous.
We put Vi = {Y } for i ∈ {1, . . . ,n1 − 1}, Vi =W1, for i ∈ {n1, . . . ,n2 − 1}, Vi =W2, for i ∈ {n2, . . . ,n3 − 1}, . . . ,Vi =Wk ,
for i ∈ {nk, . . . ,nk+1 − 1}, . . . .
Then the sequence V1 	 V2 	 · · · is coﬁnal in the set of ﬁnite coverings of Y , and for all m n holds fn Vn fm . 
Theorem 1.5. Two proximate sequences ( fn), (gn) : X → Y are homotopic if and only if for any ﬁnite covering V of Y there exists an
integer n0 such that for all n n0 , fn and gn are homotopic as V-continuous functions.
Proof. Suppose ( fn) and (gn) are proximate sequences homotopic over (Vn), and V is a ﬁnite covering of Y . There exists Vn0
such that Vn0 ≺ V. Since V	 Vn0 	 Vn0+1 	 · · · and fn
Vn gn for all n n0, it follows that fn V gn for all n n0.
In the other direction, suppose that for any ﬁnite covering V of Y there exists an integer n0 such that for all n  n0,
fn and gn are homotopic as V-continuous functions.
Suppose ( fn) and (gn) are proximate sequences over W1 	W2 	 · · · . For each k ∈ N there exists nk ∈ N such that
fn
Wk gn for every n nk . We can choose nk < nk+1, for all k ∈ N.
We put Vi = {Y } for i ∈ {1, . . . ,n1 − 1}, Vi =W1, for i ∈ {n1, . . . ,n2 − 1}, Vi =W2, for i ∈ {n2, . . . ,n3 − 1}, . . . , Vi =Wk ,
for i ∈ {nk, . . . ,nk+1 − 1}, . . . .
Then ( fn) and (gn) are proximate sequences over V1 	 V2 	 · · · and fn Wn gn for all n ∈ N. 
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considered are metric, separable and locally compact.
Suppose (an) and (bn) are sequences without accumulation points. We deﬁne a relation “∼” in the following way:
(an) ∼ (bn) if no compact subset of X separates a subsequence of (an) from a subsequence of (bn) (the subset Y of X
separates X if X \ Y is disconnected).
If (an) has no accumulation points in X , and (an) ∼ (an), we say that (an) is admissible. In the set of all admissible
sequences the relation “∼” is an equivalence relation [3].
The set of ends E X of X is the set of all equivalence classes (an)∼ of the admissible sequences (an). Then F X = X ∪ E X is
the Freudenthal compactiﬁcation (compactiﬁcation with ends) of X . We give E X the relative topology as a subset of F X [3].
Deﬁnition 1.6. The sequence (an) is almost in A if only a ﬁnite number of members are not in A, i.e. there exists n0 ∈ N,
such that an ∈ A, for all n n0.
Theorem 1.7. Suppose A ⊆ X, ∂ A is compact and (an) ∼ (bn). If (an) is almost in A it follows that (bn) is almost in A.
Proof. If the sequence (an) is almost in A, then (an) is almost in int A. Suppose (bn) is not almost in A. Then there exists a
subsequence of (bn) in X \ A. More precisely, since that subsequence cannot be in ∂ A, it follows there exists a subsequence
of (bn) in X \ (A ∪ ∂ A) = B .
Then, ∂ A separates a subsequence of (an) in A from a subsequence of (bn) in B . 
Corollary 1.8. If (an) is admissible and (an) ∼ (bn), then (bn) is admissible.
We let B= {G | G ⊆ X, G is open and ∂G is compact}. For every G ∈ B we put
G ′ = {(an)∼
∣∣ (an)∼ ∈ E X, (an) is admissible and (an) almost in G
}
.
Then B′ = {G ′ | G ∈ B} is a basis for the topology of E X , while the sets G∗ = G ∪ G ′ form a basis of F X .
We call a function f : X → Y proper if for any compact D in Y there exists a compact C in X such that f (X \ C) ⊆ Y \ D .
If V is a covering of Y , two V-continuous functions f , g : X → Y are properly homotopic ( f Vp g) if they are homotopic by
a function F : X × I → Y and F is proper.
The following proposition is known for proper continuous functions. Here we will prove the theorem for any proper
function.
Theorem 1.9. If f : X → Y is a proper function and (an) a sequence in X without accumulation points, then ( f (an)) has no accumu-
lation points.
Proof. Suppose the contrary, i.e. there exists a subsequence ( f (ank )) converging to a point y ∈ Y . There exists an open set
U ⊆ Y such that y ∈ U and U is compact. It follows that ( f (ank )) is almost in the compact set U . Since f is proper there
exists a compact set C of X such that f (X \ C) ⊆ Y \ U . Since f (ank ) ∈ U for almost all k ∈ N, and f (X \ C) ⊆ Y \ U , we
obtain ank ∈ C for almost all k ∈ N. It follows that (ank ) has an accumulation point in C , i.e. there exists a subsequence
of (an) converging to a point in C . 
2. Finite coverings of open sets with compact boundary
From now on we consider locally compact separable metric spaces with compact spaces of quasicomponents. Under
these conditions, the compactiﬁcation F X with end points is metrizable.
We consider the set CovF X of ﬁnite coverings of open sets with compact boundary. In this section we present technical
results about CovF X which will allow us to form proper shape theory over ﬁnite coverings.
Since F X is compact, there exists a coﬁnal sequence V∗1 	 V∗2 	 · · · of ﬁnite coverings of F X . If V∗ is a ﬁnite covering
of F X , then V= {V | V ∗ ∈ V∗} is an open covering of X .
On the other hand, if V is a ﬁnite covering of X consisting of open sets with compact boundaries, then V∗ = {V ∗ | V ∈ V}
is a ﬁnite covering of F X . It follows that in the family CovF X of all ﬁnite coverings of X with compact boundaries, there is
a coﬁnal sequence V1 	 V2 	 · · · .
Suppose V is a covering from CovF X . We denote by V1, . . . , Vk , k n, the members of V whose closures are not compact
(n is the number of sets in V). The set D = V k+1 ∪ · · · ∪ V n ∪ ∂V1 ∪ · · · ∪ ∂Vk is compact in X . We put V ′i = (X \ D) ∩ Vi ,
i = 1, . . . ,k. It is clear that {V ′i | i = 1, . . . ,k} is an open covering of X \ D , and that each V ′i is open and closed in X \ D .
Since their number is ﬁnite it follows that by taking all intersections and complements of V ′i , i ∈ {1, . . . ,k}, we will obtain
a covering of X \ D which consists of disjoint open and closed sets. By V′′ we denote this covering of X \ D consisting of
non-empty sets. On the other hand, there exists a ﬁnite covering {U1, . . . ,Us} of D , consisting of sets with compact closures,
which reﬁnes V. Then the covering of X , V′ = {U1, . . . ,Us} ∪V′′ reﬁnes V.
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sequence V′1 	 V′2 	 · · · in covF X .
Suppose f : X → Y is a proper V-continuous function, V ∈ covF Y , D a compact subset of Y such that Y \ D = V1 ∪
· · · ∪ Vk , and V1, . . . , Vk ∈ V are disjoint open–closed subsets in Y \ D . If we choose a compact subset C in X such that
f (X \ C) ⊆ Y \ D , then g = f |X\C is {V1, · · · , Vk}-continuous.
We will show that g−1(Vi) is open, i ∈ {1, . . . ,k}. Suppose x ∈ g−1(Vi). There is a neighborhood Ux of x in X \ C such
that g(Ux) ⊆ Vi (since the sets {V1, . . . , Vk} are disjoint it follows that g(Ux) ∩ V j = ∅ for each j = i). We conclude that
Ux ⊆ g−1(V j), i.e. g−1(Vi) is open. It follows that {g−1(V j) | j = 1, . . . ,k} is an open covering of X \ C consisting of disjoint
subsets in X \ C with compact boundaries.
Moreover, there exists a ﬁnite covering U1, . . . ,Us of C consisting of open sets with compact closures, such that { f (Ui) |
i = 1, . . . , s} ≺ V. It follows that U= {Ui | i = 1, . . . , s} ∪ {g−1(V j) | j = 1, . . . ,k} ∈ covF X , and f (U) ≺ V.
We have proved the following:
Proposition 2.1. If f : X → Y is a proper V-continuous function for V ∈ covF Y , then there exists U ∈ covF X such that f (U) ≺ V.
Proposition 2.2. If (an) is admissible in X and f : X → Y is a proper V-continuous function for V ∈ covF Y , then there exists V ∈ V
and n0 ∈ N such that f (an) ∈ V for all n n0 .
Proof. Let D be a compact subset of Y such that Y \ D = V1 ∪ · · · ∪ Vk , where V1, . . . , Vk ∈ V are disjoint open–closed sets
in Y \ D . If we choose a compact set C in X such that f (X \ C) ⊆ Y \ D , we can ﬁnd n0 ∈ N such that an ∈ f −1(Vi) for all
n n0. We conclude that f (an) ∈ Vi for all n n0. 
In the proof of Proposition 2.4 we will use the following theorem from [6].
Proposition 2.3. IfW is a covering consisting of disjoint open sets and f : X → Y is aW-continuous function, then for each compo-
nent Q of X, there exists WQ ∈W such that f (Q ) ⊆ WQ .
Proposition 2.4. Suppose V ∈ covF Y , f : X → Y is proper V-continuous function and (an) is admissible in X such that ( f (an)) is
admissible in Y . If g : X → Y is a proper V-continuous function and f Vp g, then (g(an)) is admissible in Y .
Proof. Suppose the contrary. Taking Theorem 1.9 into account, we can assume that there exists a D1 in Y such that there
exist open and closed sets A and B in Y \ D1 such that Y \ D1 = A ∪ B , and inﬁnitely many members of (g(an)) are in A
and also in B .
Suppose V1, . . . , Vk ∈ V and that D is a compact set in Y such that Y \ D = V1 ∪ · · · ∪ Vk and V1, . . . , Vk are disjoint and
open, closed sets in Y \ D . We put D2 = D ∪ D1.
If F : X × I → Y is a homotopy connecting the proper functions f and g , then F (x,0) = f (x) and F (x,1) = g(x), and
there exists a compact set C in X × I such that F |(X×I)\C is {V1, . . . , Vk}-continuous. Since (an) is admissible we can ﬁnd
n0 ∈ N such that f (an) ∈ A ∩ V1 for all n n0. Also, we can suppose that inﬁnitely many members of (g(an)) are in A ∩ V2,
and inﬁnitely many members are in B ∩ Vi , for j ∈ {1,3, . . . ,k}.
If g(an1 ) ∈ A ∩ V2 and g(an2 ) ∈ A ∩ Vi , n1,n2  n0, then a connected set {an1 } × I is mapped by F |(X×I)\C into two
separated sets, which is a contradiction. 
3. Intrinsic deﬁnition of proper shape over ﬁnite coverings
The following theorem is an easy consequence of Proposition 2.1, and enables us to deﬁne proper F-shape theory using
only ﬁnite coverings CovF X consisting of open sets with compact boundary.
Theorem 3.1. If f : X → Y is a proper V-continuous function, and V ∈ CovF Y , then there exists U ∈ CovF X such that f (U) ≺ V.
It follows from Section 2, that in the family CovF X of all ﬁnite coverings of X with compact boundaries, there is a coﬁnal
sequence V1 	 V2 	 · · · .
This allows us to work with sequences of functions, instead of nets of functions. Namely, instead of the whole of CovF X
we can consider a countable subset {V1,V2, . . .} of CovF X , coﬁnal in CovF X , i.e. for any V ∈ CovF X there exists Vn ∈
{V1,V2, . . .} such that Vn ≺ V.
When working with sequences of functions the standard deﬁnitions are transferred as follows.
Deﬁnition 3.2. The sequence ( fn) of proper functions fn : X → Y is a proper proximate F-sequence from X to Y , if for some
coﬁnal sequence V1 	 V2 	 · · · in CovF Y , and for all indices m n, fn and fm are homotopic as Vn-continuous functions.
In this case we say that ( fn) is a proper F-proximate sequence over (Vn).
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CovF Y such that ( fn) and ( f ′n) are proximate sequences over (Vn).
Two proper F-proximate sequences ( fn), ( f ′n) : X → Y are homotopic if for some coﬁnal sequence V1 	 V2 	 · · · in CovF Y ,
( fn) and ( f ′n) are proper proximate sequences over (Vn), and for all integers n ∈ N, fn and f ′n are properly homotopic as
Vn-continuous functions.
This is an equivalence relation which we write as ( fn) ∼pF ( f ′n).
Let ( fn) : X → Y be a proper F-proximate sequence and (gn) : Y → Z a proper F-proximate sequence over (Wn). We can
choose a sequence of coverings V1 	 V2 	 · · · of Y such that ( fn) : X → Y is a proper F-proximate sequence over (Vn), and
g(Vn) ≺Wn , for all integers n. The composition of the proper F-proximate sequences ( fn) : X → Y and (gn) : Y → Z is the
proper F-proximate sequence (hn) = (gn fn).
Locally compact separable metric spaces with compact spaces of quasicomponents and homotopy classes of proper prox-
imate F-sequences form the proper F-shape category, i.e. isomorphic spaces in this category have the same proper F-shape.
The identity in this category is the homotopy class of the proper F-proximate sequence 1X = (1X ,1X , . . .).
As usual, X and Y have the same proper F-shape provided there exist proper proximate F-sequences ( fn) : X → Y and
(gn) : Y → X , such that (gn)( fn) ∼pF 1X and ( fn)(gn) ∼pF 1Y .
We denote this by ∼pF Y .
If we only have (gn)( fn) ∼pF 1X , we say that X has a simpler proper F-shape than Y , and denote this by X pF Y .
Remark 3.3. In the paper [1] an intrinsic deﬁnition of proper shape is presented, and it is shown that its theory coincides
with the theory presented in [2]. The theory uses proper proximate nets – nets of proper functions indexed by all locally
ﬁnite coverings V consisting of open sets with compact closures.
4. Proper shape over ﬁnite coverings and the end point compactiﬁcation
Theorem 4.1. If ( fn) : X → Y is a proper F-proximate sequence and (an) is admissible in X, then there exists n(an) ∈ N such that:
(a) ( fn(an) (an)) is admissible in Y and for all m n(an) , ( fm(an)) is admissible.
(b) If (an) ∼ (bn), then ( fm(an)) ∼ ( fm(bn)) for all m n(an) . Moreover, ( fm(bn)) is admissible for all m n(an) .
Proof. (a) Suppose the contrary. Taking into account Theorem 1.9, we can suppose that for each n ∈ N we can ﬁnd a compact
set Dn in Y such that there exist disjoint open–closed sets An and Bn in Y \ Dn such that Y \ Dn = An ∪ Bn , and an inﬁnite
number of ( fn(an)) are in An , and also in Bn . There exists an open set V in Y , with compact closure, such that Dn ⊆ V .
Then {V , An, Bn} ∈ covF Y . There exists n0 ∈ N such that fn0 is {V , An, Bn}-continuous, and fn
{V ,An,Bn}p fn0 , for all n n0.
Moreover, there exists a compact set C in X such that
X \ C = fn0 |−1X\C (An) ∪ fn0 |−1X\C (Bn),
both sets are open–closed in X \C , and their intersection is empty. Then, inﬁnitely many members of (an) are in fn0 |−1X\C (An),
and also in fn0 |−1X\C (Bn). This is a contradiction with the fact that (an) is admissible.
(b) If ( fm(bn)) has no accumulation point, then from Theorem 1.9 it follows that ( fm(bn)) has no accumulation point for
any m.
Suppose the contrary. Then there exists m  n(an) such that ( fm(an))  ( fm(bn)). It follows that there exists a compact
set D in Y , and disjoint open–closed sets A and B in Y \ D , such that Y \ D = A ∪ B and inﬁnitely many members of
( fm(an)) are in A, and inﬁnitely many members of ( fm(bn)) are in B .
This is a contradiction with the fact that no compact subset of X separates a subsequence of (an) from a subsequence
of (bn). It follows that ( fm(an)) ∼ ( fm(bn)) for all m n(an) .
By Theorem 1.7 it follows that ( fm(bn)) is admissible. 
Remark 4.2. If ( fn) : X → Y is a proper F-proximate sequence, then by the previous theorem for any end e ∈ E X there exists
an integer ne , such that for any sequence (an) in X converging to e in F X , it follows that ( fm(an)) is a convergent sequence
for all m ne , and each sequence ( fm(an)) converges to the same end of Y .
We mention that ne is not unique, we can take any m ne instead of ne .
Theorem 4.3. Let ( fn) : X → Y be a proper F-proximate sequence. If we deﬁne a sequence (F fn) : F X → F Y of functions by
F fn(x) = fn(x)
for x ∈ X, and
F fn(e) =
(
fne (an)
)∼
for e = (an)∼ ∈ E X, then:
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(2) If ( fn) ∼pF (gn), then (F fn) ∼ (F gn).
Proof. (1) Suppose V′ is a ﬁnite covering of F X and that V ∈ covF Y is derived from V′ by avoiding ends. We can ﬁnd
n0 ∈ N such that for all n n0, fn0
Vp fn , say by a homotopy G . We deﬁne FG : F X × I → F Y by
F G(x, t) = G(x, t)
for x ∈ X , and
F G(e, t) = ( fne (an)
)∼
for e = (an)∼ ∈ E X . We will prove that FG is stV′-continuous. It is clear for the points x ∈ X , since G is stV-continuous.
We put U = f −1n0 (V ) × I . Then U has a compact boundary and is open in X × I . Since fn0
Vp fn for all n n0, it follows
that fn0
Vp fne (we can choose ne such that ne  n0), and also fn
Vp fne .
Now, since {x} × I is connected by Proposition 2.3, fn0 ({x} × I) ⊆ V and fn({x} × I) ⊆ V and fne ({x} × I) ⊆ V for every
x ∈ f −1n0 (V ).
We obtain that G(x,0) = fn0 (x) ∈ V , so G(x, t) ∈ V for every t ∈ I , x ∈ f −1n0 (V ).
Suppose (an)∼ ∈ E X and (an) is almost in f −1n0 (V ). It follows that G(an, t) ∈ V for all n ∈ N, and G((an)∼, t) =
( fne (an))
∼ ∈ V ′ .
We have proved that FG(U∗) ⊆ V ′ .
(2) Suppose ( fn) ∼pF (gn), V′ ∈ covF F Y and V ∈ covF Y is obtained from V′ by avoiding the ends. We can ﬁnd n0 ∈ N
such that fn
Vp gn . Suppose that G is the homotopy connecting fn and gn .
In the same way as in (1), we can prove that FG is stV′-continuous, and that this is the required homotopy connecting
fn and gn . 
It is clear that if ( fn) : X → Y and (gn) : Y → Z are proper F-proximate sequences then F (gn fn) = (F gn)(F fn).
Theorem 4.4.
(1) If X ∼pF Y , then F X ∼ F Y .
(2) If X pF Y , then F X  F Y .
Proof. (1) If X ∼pF Y there exist proper F-proximate sequences ( fn) : X → Y and (gn) : Y → X such that (gn)( fn) ∼pF 1X
and ( fn)(gn) ∼pF 1Y . Then
(F gn)(F fn) ∼ (F gn F fn) ∼
(
F (gn fn)
) ∼ F1X
and
(F fn)(F gn) ∼ (F fn F gn) ∼
(
F ( fn gn)
) ∼ F1Y .
It follows that F X ∼ F Y . 
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